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Abstract
We propose a new scenario in a radiative seesaw model based on A4 flavor symmetry. In this
model, we explore a possibility of linking non-zero θ13 to dark matter. And we analyze the lepton
sector to predict the observed neutrinos and mixings, especially obtaining a lower bound of θ13 &
3.5◦. We show that the non-zero θ13 is correlated with our heavy Majorana type of dark matter.
Also we predict that the mass be O(1-10) TeV, as a result of analyzing the Wilkinson-Microwave-
Anisotropy-Probe and lepton flavor violation.
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I. INTRODUCTION
The large values of the solar (θ12) and atmospheric (θ23) mixing angles in the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix [1] may be telling us about some new symmetries of
leptons not presented in the quark sector and may provide a clue to the nature of the quark-
lepton physics beyond the standard model (SM). If there exists such a flavor symmetry in
Nature, the tribimaximal (TBM) [2] pattern, sin2 θ12 = 1/3, sin
2 θ23 = 1/2, sin θ13 = 0, for
the neutrino mixing will be a good zeroth order approximation to reality. A Non-Abelian
discrete symmetry [3] could play an important role in predicting the mixing angles. For
example, in a well-motivated extension of the SM through the inclusion of A4 discrete
symmetry, the TBM pattern comes out in a natural way in the work of [4–6]. Although
such a flavor symmetry is realized in Nature leading to exact TBM, in general there may be
some deviations from TBM [7, 8]. Recent data of the T2K, MINOS and Double Chooz [9]
Collaborations imply that the unknown mixing angle, θ13, can be relatively large, indicating a
deviation from the exact TBM which leads to vanishing CP violation in neutrino oscillations.
And, the analysis based on global fits [10–12] of neutrino oscillations enter into a new phase of
precise measurements of the neutrino mixing angles and mass-squared differences, indicating
that the TBM mixing for three flavors of leptons should be modified. Their current best-fit
values in 1σ (3σ) ranges from neutrino oscillation experiments are given by [10]
θ12 = 34.0
◦+1.0◦ (+2.9◦)
−0.9◦ (−2.7◦) , θ23 = 46.1
◦+3.5◦ (+7.0◦)
−4.0◦ (−7.5◦) , θ13 = 6.5
◦+1.6◦ (+4.2◦)
−1.4◦ (−4.7◦) ,
∆m221[10
−5eV2] = 7.59+0.20 (+0.60)−0.18 (−0.50) , ∆m
2
31[10
−3eV2] = 2.50+0.09 (+0.26)−0.16 (−0.36) , (1)
which corresponds to normal neutrino mass ordering 1. And we know nothing about all
three CP -violating phases δCP , δ1 and δ2. Besides the mystery of the mixing pattern, tiny
neutrino mass is one of the most challenging problem beyond SM. It suggests that neutrinos
could be induced by a radiative correction or tiny couplings if a theory be within TeV scale.
Several years ago, Ernest Ma introduced the so-called radiative seesaw mechanism [13] where
the masses are generated through one-loop effects [14]. Moreover, since the existence of the
flavor neutrino mixing for the three neutrinos νe, νµ, ντ implies that the individual lepton
charges, Lα, (α = e, µ, τ), are not conserved [15], the observation of neutrino oscillation
have the possibility of measurable branching ratio for charged lepton flavor violation (LFV)
1 See Ref. [10] for the data of inverted mass ordering.
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decays such as µ → eγ, τ → eγ and τ → µγ, etc.. Experimental discovery of such lepton
rare decay processes is one of smoking gun signals of physics beyond SM.
Our starting point is an effective Lagrangian obeying the discrete A4×Z2 symmetry which
is spontaneously broken by the vacuum expectation value (VEV) of SU(2)L×U(1)Y singlet
scalar fields at a scale higher than the electroweak scale. In addition, we assign a Z2-odd
quantum number to a new Higgs doublet and three right-handed singlet fermions while all
SM particles are Z2-even parity, in order to explain both the TBM at tree level Lagrangian
and dark matter (DM). After electroweak symmetry breaking, the Z2 symmetry is exactly
conserved and a Z2-odd doublet Higgs that does not have VEV, so called inert Higgs, while
the standard Higgs boson get a VEV, which means the Yukawa coupling corresponding to
Z2-odd Higgs doublet will not generate the Dirac mass terms in neutrino sector. Thus, the
usual seesaw mechanism does not work any more and we naturally have a good candidate
of DM corresponding to the lightest Z2-odd particle or Large Hadron Collider (LHC) sig-
nals through the standard gauge interactions in our scenario. The assigned leptonic flavor
symmetry will lead us to a neutrino mass matrix through one-loop mediated by a new Higgs
doublet and right-handed neutrinos having Z2-odd parity, and indicating the deviations from
TBM in lepton sector by dimension-5 effective operators driven by SU(2)L × U(1)Y singlet
scalar fields with a cutoff scale Λ. Here we assume that CP is a good symmetry above the
cut-off scale Λ in Lagrangian level. In this paper, we address the possibility of a linking
between DM and a non-zero θ13 through the combination of WMAP results [16] with LFV
µ → eγ decay. We analyze possible spectrums of light neutrinos and their flavor mixing
angles. In order to investigate the relation between DM and a non-zero θ13, we focus on a
normal hierarchical mass spectrum of light neutrinos.
This paper is organized as follows. In section II, we show our model building for the
lepton sector, in which we adopt A4 group. In section III, we discuss the predictions for
neutrinos coming from the flavor symmetry. In section IV, we show constraints of DM mass
from WMAP and LFV; µ → eγ, τ → eγ, and τ → µγ processes. Section V is devoted to
conclusions/discussions. We discuss the Higgs potential in the appendix.
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II. FLAVOR A4 SYMMETRY AND A DISCRETE SYMMETRY Z2
In the absence of flavor symmetries, particle masses and mixings are generally unde-
termined in gauge theory. We work in the framework of the SM, extended to consist of
the right-handed SU(2)L-singlet Majorana neutrinos, NR. The scalar sector, apart from the
usual SM Higgs doublet Φ, is extended through the introduction of two types of scalar fields,
χ and η, that are singlet and doublet under SU(2)L × U(1)Y , respectively:
Φ =
(
ϕ+ ϕ0
)T
, χ , η =
(
η+ η0
)T
. (2)
Furthermore, to understand the present neutrino oscillation data we consider A4 flavor
symmetry for leptons, and simultaneously for both the existence of DM and TBM at tree-
level Lagrangian to be explained we also introduce an auxiliary discrete symmetry Z2 in
a radiative seesaw [13]. Here we recall that A4 is the symmetry group of the tetrahedron
and the finite groups of the even permutation of four objects. Its irreducible representations
contain one triplet 3 and three singlets 1, 1′, 1′′ with the multiplication rules 3⊗ 3 = 3s ⊕
3a ⊕ 1⊕ 1′ ⊕ 1′′, 1′ ⊗ 1′′ = 1, 1′ ⊗ 1′ = 1′′ and 1′′ ⊗ 1′′ = 1′. Let us denote (a1, a2, a3) and
(b1, b2, b3) as two A4 triplets, then we have
(a⊗ b)3s = (a2b3 + a3b2, a3b1 + a1b3, a1b2 + a2b1) ,
(a⊗ b)3a = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) ,
(a⊗ b)1 = a1b1 + a2b2 + a3b3 ,
(a⊗ b)1′ = a1b1 + ωa2b2 + ω2a3b3 ,
(a⊗ b)1′′ = a1b1 + ω2a2b2 + ωa3b3 , (3)
where ω = ei2π/3 is a complex cubic-root of unity.
The field contents under SU(2)× U(1)× A4 × Z2 of the model are assigned in Table I :
TABLE I: Representations of the fields under A4 × Z2 and SU(2)L × U(1)Y .
Field LL lR, l
′
R, l
′′
R NR χ Φ η
A4 3 1, 1
′,1′′ 3 3 3 1
Z2 + + − + + −
SU(2)L × U(1)Y (2,−1) (1,−2) (1, 0) (1, 0) (2, 1) (2, 1)
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At the Lagrangian level, we shall assume the absence of CP violation in the Dirac neutrino
sector and in charged lepton Yukawa interactions above the cutoff scale Λ, which for scales
below Λ is expressed in terms of effective dimension-5 operators. With dimension-5 operators
driven by χ fields the Yukawa interactions (d ≤ 5) in the neutrino and charged lepton sectors
invariant under SU(2)× U(1)×A4 × Z2 can be written as
− LYuk = yν(L¯LNR)1η˜ + 1
2
M(N cRNR)1 +
1
2
λχ(N
c
RNR)3sχ
+
ysN
Λ
[(L¯LNR)3sχ]η˜ +
yaN
Λ
[(L¯LNR)3aχ]η˜
+ ye(L¯LΦ)1lR + yµ(L¯LΦ)1′ l
′′
R + yτ(L¯LΦ)1′′ l
′
R
+
yse
Λ
[(L¯LΦ)3sχ]lR +
ysµ
Λ
[(L¯LΦ)3sχ]1′l
′′
R +
ysτ
Λ
[(L¯LΦ)3sχ]1′′l
′
R
+
yae
Λ
[(L¯LΦ)3aχ]lR +
yaµ
Λ
[(L¯LΦ)3aχ]1′l
′′
R +
yaτ
Λ
[(L¯LΦ)3aχ]1′′ l
′
R + h.c , (4)
where η˜ ≡ iτ2η∗ and LL = (νL, ℓ−L)T are the Higgs doublet and the lepton doublet trans-
forming as singlet 1 and triplet 3 under A4, respectively, and here τ2 is the Pauli matrix. In
the above Lagrangian, heavy neutrinos acqiure a bare mass term M and a mass induced by
the electroweak singlet χ scalar with 3 representation under A4. By imposing an additional
symmetry Z2 as shown in Table I, the A4× SU(2)L×U(1)Y invariant Yukawa term ℓ¯LNRΦ
is forbidden from the Lagrangian, and the neutral component of scalar doublet η will not
generate a VEV,
〈η0〉 ≡ υη = 0 . (5)
Therefore, the scalar field η can only couple to the standard gauge bosons as well as the Dirac
neutrino mass terms are vanished, which means the usual seesaw does not operate anymore.
However, the light neutrino Majorana neutrio mass matrix can be generated radiatively
through one-loop with the help of the Yukawa interaction L¯LNRη˜ and L¯LNRχη˜/Λ in the
Lagrangian, we will discuss it more detaily in Sec.III.
Taking the A4 symmetry breaking scale above the electroweak scale in our scenario, that
is, 〈χ〉 > 〈Φ0〉, and assuming the vacuum alignment of fields 〈χi〉 as
〈χ1〉 ≡ υχ 6= 0, 〈χ2〉 = 〈χ3〉 = 0 , (6)
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then the right-handed neutrino Majorana mass terms are given by
MR = M


1 0 0
0 1 κeiξ
0 κeiξ 1

 , (7)
where κ = |λsχυχ/M | with 〈χi〉 = υχi (i = 1, 2, 3). After the electroweak symmetry breaking
〈η0〉 = υ with the VEV alignment in Eq. (6), the Yukawa interaction yνL¯LNRη˜, together
with the terms
ys,a
N
Λ
[(L¯LNR)3sχ] · η˜ can be written as υνLYνNR with the neutrino Yukawa
coupling matrix Yν given by
Yν = e
iρ|yν|


1 0 0
0 1 y1e
iρ1
0 y2e
iρ2 1

 , (8)
where y1 = |ysN+yaN |υχ/|yν|Λ, y2 = |ysN−yaN |υχ/|yν|Λ and ρ = arg(yν). Eq. (8) indicates that,
once the VEV alignment in Eq. (6) is taken, the A4 symmetry is spontaneously broken and
its residual symmetry Z2 [5, 7] is also explicitly broken by the higher dimensional operators.
Therefore, we can expect a low energy CP violation responsible for the neutrino oscillation as
well as high energy CP violation responsible for the leptogenesis in the neutrino sector, which
could be generated by the off-diagonal terms of Yukawa neutrino coupling matrix [7, 17].
Assuming equally aligned VEVs of A4 triplets, 〈Φ0〉 = (υ, υ, υ), together with the VEV
alignment in Eq. (6), the light charged lepton mass matrix can be explicitly expressed as
mℓ = Uω
√
3


mℓ11 m
ℓ
12 m
ℓ
13
mℓ21 m
ℓ
22 m
ℓ
23
mℓ31 m
ℓ
32 m
ℓ
33

 , with Uω =
1√
3


1 1 1
1 ω ω2
1 ω2 ω


= UωV
ℓ
LDiag.(me, mµ, mτ )V
ℓ†
R , (9)
where UωV
ℓ
L and V
ℓ†
R indicate that the left and right-diagonalization matrices for the charged
lepton sector, and the mass matrix elements are written as
mℓ11 = υ(yf1 + 2h1/3), m
ℓ
12 = 2υh2/3, m
ℓ
13 = 2υh3/3 ,
mℓ21 = υ(g1 − h1)/3, mℓ22 = υ(yf2 + (g2 − h2)/3), mℓ23 = υ(g3 − h3)/3 ,
mℓ31 = −υ(g1 + h1)/3, mℓ32 = −υ(g2 + h2)/3, mℓ33 = υ(yf3 − (g3 + h3)/3) ,(10)
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with h1 = υχy
s
f1
/Λ, h2 = υχy
s
f2
/Λ, h3 = υχy
s
f3
/Λ, g1 = −i
√
3υχy
a
f1
/Λ, g2 = −i
√
3υχy
a
f2
/Λ,
g3 = −i
√
3υχy
a
f3
/Λ. All of them are complex. The important point is that, taking the
VEV alignment of 〈χi〉 in Eq. (6) together with the equal VEV alignment of 〈Φ0〉, the A4
symmetry is broken and its residual C3 symmetry [5] is also broken through the dimension-5
operators. One of the most striking features in the charged lepton sector is that the mass
spectra of charged leptons are strongly hierarchical, i.e. the third generation fermions are
much heavier than the first and second generation fermions. From Eq. (9), for the most
natural case of hierarchical charged lepton Yukawa couplings yf3 ≫ yf2 ≫ yf1 , the corrected
off-diagonal terms which are from dimension-5 operators are not larger than the diagonal
ones in size. Then, V ℓL and V
ℓ
R can be obtained by diagonalizing the matrices U
†
ωmℓm
†
ℓUω
and m†ℓmℓ, respectively, in Eq. (9). Especially, the mixing matrix V
ℓ
L takes part in PMNS
mixing matrix. The matrix V ℓL can be, in general, parametrized in terms of three mixing
angles and six CP violating phases :
V ℓL =


c2c3 c2s3e
iφℓ3 s2e
iφℓ2
−c1s3e−iφℓ3 − s1s2c3ei(φℓ1−φℓ2) c1c3 − s1s2s3ei(φℓ1−φℓ2+φℓ3) s1c2eiφℓ1
s1s3e
−i(φℓ1+φℓ3) − c1s2c3e−iφℓ2 −s1c3e−iφℓ1 − c1s2s3ei(φℓ3−φℓ2) c1c2

Pℓ , (11)
where si ≡ sin θi, ci ≡ cos θi and a diagonal phase matrix Pℓ = Diag.(eiξ′1 , eiξ′2 , eiξ′3)
which can be rotated away by redefinition of left-charged fermion fields. In the charged
fermion (quarks and charged leptons) sector, there is a qualitative feature which distin-
guishes the neutrino sector from the charged fermion one. The mass spectrum of the
charged leptons exhibits a similar hierarchical pattern as that of the down-type quarks,
unlike that of the up-type quarks which shows a much stronger hierarchical pattern. For
example, in terms of the Cabbibo angle λ ≡ sin θC ≈ |Vus|, the fermion masses scale as
(me, mµ) ≈ (λ5, λ2) mτ , (md, ms) ≈ (λ4, λ2) mb and (mu, mc) ≈ (λ8, λ4) mt. This may lead
to two implications: (i) the Cabibbo-Kobayashi-Maskawa (CKM) matrix [18] is mainly gov-
erned by the down-type quark mixing matrix, and (ii) the charged lepton mixing matrix is
similar to that of the down-type quark one. Therefore, we shall assume that (i) VCKM = V
d†
L
and V uL = I, where V
d
L (V
u
L ) is associated with the diagonalization of the down-type (up-type)
quark mass matrix and I is a 3 × 3 unit matrix, and (ii) the charged lepton mixing matrix
V ℓL has the similar structure as the CKM matrix. Now, putting a reasonable assumption
1≫ |m
ℓ
22|
|mℓ33|
∼ |m
ℓ
23|
|mℓ33|
≫ |m
ℓ
13|
|mℓ33|
∼ |m
ℓ
12|
|mℓ33|
≫ |m
ℓ
11|
|mℓ33|
∼ |m
ℓ
32|
|mℓ33|
≫ |m
ℓ
21|
|mℓ33|
∼ |m
ℓ
31|
|mℓ33|
(12)
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into Eq. (9), then the measured mass hierarchy of charged lepton is expressed as mµ/mτ ≈
|mℓ22/mℓ33| ≈ λ2, me/mτ ≈ |mℓ11/mℓ33| ≈ 0.6λ5 and me/mµ ≈ |mℓ11/mℓ22| ≈ 0.5λ3. And the
mixing angles and phases in Eq. (11) can be roughly expressed as
θ1 ≃ |m
ℓ
23|
|mℓ33|
, φ1 ≃ 1
2
arg(mℓ22m
ℓ∗
32 +m
ℓ
23m
ℓ∗
33) ,
θ2 ≃ |m
ℓ
13|
|mℓ33|
, φ2 ≃ 1
2
arg(mℓ11m
ℓ∗
31 +m
ℓ
13m
ℓ∗
33) ,
θ3 ≃ |m
ℓ
12|
|mℓ22|
, φ3 ≃ 1
2
arg(mℓ11m
ℓ∗
21 +m
ℓ
12m
ℓ∗
22) . (13)
Now letting |(V ℓL)12| ≡ |c2s3| ≈ λ in similar to the case of quark sector [7], we obtain
|(V ℓL)12| ≈ |mℓ12|/|mℓ22| ≈ λ−2|mℓ12|/|mℓ33|, leading to |mℓ12|/|mℓ33| ≈ λ3. Consequently, θ1 ≃
|mℓ23|/|mℓ33| ≃ λ2 and θ2 ≃ |mℓ13|/|mℓ33| ≃ λ3 are obtained from Eq. (12). Then, the mixing
matrix V ℓL in Eq. (11) can be written as
V ℓL =


1− λ2
2
λeiφ
ℓ
3 Aλ3eiφ
ℓ
2
−λe−iφℓ3 1− λ2
2
Bλ2eiφ
ℓ
1
−Aλ3e−iφℓ2 +Bλ3e−i(φℓ1+φℓ3) −Bλ2e−iφℓ1 1

Pℓ +O(λ4) , (14)
where the coefficients A and B are real and positive coefficients, but less than one in mag-
nitude.
The Yukawa interactions in Eq. (4) and the charged gauge interactions in a weak eigen-
state basis can be written as
−L = 1
2
N cRMRNR + ℓLmℓℓR + νLYνNRη +
g√
2
W−µ ℓLγ
µνL + h.c . (15)
When dealing with lepton flavor violation and DM it is convenient to work in the basis where
heavy Majorana neutriino and charged lepton mass matrices are diagonal. In order to go
into the physical basis (mass basis) of the right-handed neutrino, performing basis rotations
LL → V ℓ†L U †ωLL , ℓR → V †RℓR , NR → U †RNR (16)
where LL = (νL, ℓL)
T , so that the Yukawa coupling matrix Yν gets modified to
Yν → Y˜ν = V ℓ†L U †ωYνUR , (17)
and both the right-handed Majorana mass matrix MR and the charged lepton matrix mℓ
become diagonal by the unitary matrix UR and UωV
ℓ
L, respectively;
mˆℓ = V
ℓ†
L U
†
ωmℓV
ℓ
R = Diag.(me, mµ, mτ ) , MˆR = U
T
RMRUR = MDiag.(a, 1, b) (18)
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FIG. 1: One-loop generation of light neutrino masses.
where a =
√
1 + κ2 + 2κ cos ξ and b =
√
1 + κ2 − 2κ cos ξ with real and positive mass
eigenvalues, M1 = Ma,M2 =M and M3 =Mb, and the diagonalizing matrix UR is
UR =
1√
2


0
√
2 0
1 0 −1
1 0 1




ei
ψ1
2 0 0
0 1 0
0 0 ei
ψ2
2

 , (19)
with the phases
ψ1 = tan
−1
( κ sin ξ
1 + κ cos ξ
)
and ψ2 = tan
−1
( κ sin ξ
κ cos ξ − 1
)
. (20)
III. LOW ENERGY OBSERVABLES
We now proceed to discuss the low energy neutrino observables. Due to the Z2 symmetry,
we can not get the Yukawa Dirac neutrino mass matrix and therefore the usual seesaw
does not operate any more, however, similar to [19] the light neutrino mass matrix can be
generated through one loop diagram in Fig. 1 due to the quartic scalar interactions. After
electroweak symmetry breaking, i.e. 〈Φ0〉 = vI, in a basis where charged lepton mass matrix
is real diagonal the flavor neutrino masses can be written as
(mν)αβ =
∆m2η
16π2
∑
i
(Y˜ν)αi(Y˜ν)βi
Mi
f
(
M2i
m¯2η
)
(21)
where
f(zi) =
zi
1− zi
[
1 +
zi ln zi
1− zi
]
, ∆m2η ≡ |m2R −m2I | = 6λΦη3 v2 (22)
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with zi = M
2
i /m¯
2
η, if mR(mI) is the mass of η
0
R(η
0
I ) and m
2
R(I) = m¯
2
η ± ∆m2η/2 where
the subscripts R(I) indicate real (imaginary) component2, respectively. With M˜R =
Diag(Mr1,Mr2,Mr3) and Mri ≡ Mif−1(zi), the above formula Eq. (21) can be expressed
as
mν =
∆m2η
16π2
Y˜νM˜
−1
R Y˜
T
ν
= V ℓ†L U
†
ωUν Diag.(m1, m2, m3) U
T
ν U
∗
ωV
ℓ∗
L = m0V
ℓ†
L U
†
ω


f(z2) 0 0
0 A G
0 G B

U∗ωV ℓ∗L , (23)
where mi(i = 1, 2, 3) are the light neutrino mass eigenvalues and
A = f(z1)
(1 + y1e
iρ1)2eiψ1
2a
+ f(z3)
(1− y1eiρ1)2eiψ2
2b
, m0 =
∆m2η|yν |2
16π2M
,
B = f(z1)
(1 + y2e
iρ2)2eiψ1
2a
+ f(z3)
(1− y2eiρ2)2eiψ2
2b
,
G = f(z1)
(1 + y1e
iρ1)(1 + y2e
iρ2)eiψ1
2a
− f(z3)(1− y1e
iρ1)(1− y2eiρ2)eiψ2
2b
. (24)
As can be seen in Eq. (23), the leptonic mixing matrix is given as
UPMNS = V
ℓ†
L U
†
ωUν , (25)
with the additional mixing matrix Uν which is given by
Uν =


1 0 0
0 eiϕ1 0
0 0 eiϕ2




0 1 0
cos θ 0 sin θ
− sin θ 0 cos θ

Pν , (26)
where the phase matrix of Majorana particle Pν = Diag.(e
iζ1 , eiζ2, eiζ3) can be absorbed into
the neutrino mass eigenstates fields. The phase ϕ12 and the mixing angle θ are given by
ϕ12 ≡ ϕ1 − ϕ2 = arg {AG∗ +GB∗} , tan 2θ = 2|AG
∗ +GB∗|
|B|2 − |A|2 , (27)
indicating that, in the limit of y1,2 approaching to zero, the angle θ goes to π/4(−π/4) and the
phase ϕ12 goes to π(0) for
f2(z1)
a2
< f
2(z3)
b2
(
f2(z1)
a2
> f
2(z3)
b2
)
, whose one-to-one correspondence
comes from the constraint of mixing parameters presented in Eq. (37) with experimental
data, especially see the parameter ε in Eq. (38).
2 See Appendix.
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The light neutrino mass eigenvalues are given as
m21 = m
2
0
(|G|2 + |A|2 cos2 θ + |B|2 sin2 θ − |AG∗ +GB∗| sin 2θ) ,
m22 = m
2
0f
2(z2) ,
m23 = m
2
0
(|G|2 + |A|2 sin2 θ + |B|2 cos2 θ + |AG∗ +GB∗| sin 2θ) . (28)
Because of the observed hierarchy |∆m2Atm| ≫ ∆m2Sol > 0, and the requirement of Mikheyev-
Smirnov-Wolfenstein resonance for solar neutrinos, there are two possible neutrino mass
spectrum: (i) m1 < m2 < m3 (normal mass spectrum) which corresponds to θ = π/4 + δ
and ϕ12 = π + δ
′, and (ii) m3 < m1 < m2 (inverted mass spectrum) which corresponds to
θ = −π/4 + δ and ϕ12 = δ′, where |δ|, |δ′| ≪ 1. The solar and atmospheric mass-squared
differences are given by
∆m2Sol ≡ m22 −m21 = m20
{
f 2(z2)− |G|2 − |A|2 cos2 θ − |B|2 sin2 θ + |AG∗ +GB∗| sin 2θ
}
,
∆m2Atm ≡ m23 −m21 = 2m20
|AG∗ +GB∗|
sin 2θ
, (29)
which are constrained by the neutrino oscillation experimental results. Note here that the
parameter Mri can be simplified in the following limit cases as
Mri ≃


Mi [ln zi − 1]−1 , for zi ≫ 1
2Mi, for zi → 1
m¯2ηM
−1
i , for zi ≪ 1 .
(30)
In this work we will focus on the case the lightest Z2-odd neutral particle of Ni which
is stable and can be a candidate of DM. As will be seen in section-IV, DM constraint
(Br(µ → eγ)+WMAP analysis) gives mη± ≈ Mlightest where Mlightest is the lightest of the
heavy Majorana neutrinos. And, due to |λΦη2 | . 4π, one can obtain Mlightest ≈ m¯η (see
Appendix). From Eq. (18), depending on the hierarchy of the heavy Majorana neutrino
masses M1,M2 and M3, the relative size of the parameter κ consistent with the possible
mass ordering of light neutrinos and hierarchy of ∆m232 and ∆m
2
21 can be classified as follows
:
(i) M3 < M2 < M1 for ξ = 0:
• M3 ≃ m¯η ≪ M2 < M1 (or a > 1 ≫ b) : this case corresponds to the normal
hierarchical mass spectrum with b → 0 i.e. κ ≃ 1 and a ≃ 2. Using f(z1) ≃
11
2 ln(2/b) − 1 > f(z2) ≃ −2 ln b − 1 ≫ f(z3) ≃ 1/2, the condition ∆m221 > 0 is
obtained for θ = +π/4, indicating the normal mass ordering of light neutrinos with
∆m232 ≈ m20 (f 2(z3)/b2 − f 2(z1)/4) > 0. The ratio of the mass squared differences
defined by R ≡ ∆m221/|∆m232| is given by
R ≈ b2(4f 2(z2)− f 2(z1)) , (31)
where the equality roughly is given under y1,2, b ≪ 1. From Eq. (31) and the best-fit
values of the solar and atmospheric mass squared differences (R ≃ 3× 10−2), one can
determine the magnitude of the parameter b, roughly
b ≈ 0.01 . (32)
• M3 ≃ m¯η < M2 < M1 (or b < 1 < a) : this case gives a ≃ 1.4, b ≃ 0.6 with κ ≃ 0.4 and
a ≃ 2.8, b ≃ 0.8 with κ ≃ 1.8 in numerical calculations, which corresponds to f(z3)/b .
f(z1)/a . f(z2) indicating a degenerate inverted orderings of light neutrinos.
(ii) M1 ≃ m¯η < M2 < M3 for ξ = π : this case a . 1 < b corresponds to a degenerate
inverted ordering of light neutrinos giving a ≃ 1 and b ≃ 3 with κ ≃ 2 in numerical
calculations. Note that a case M1 ≃ m¯η ≪ M2 < M3 is not allowed, due to ε → 2 in
Eq. (37), actually because it could not satisfy the experimental data of light neutrino of
mixing angles.
(iii) M2 ≃ m¯η < M1 < M3 (1 < b < a) for ξ = 0 : this corresponds to f(z1)/a . f(z2) <
f(z3)/b, giving a ≃ 4.7 and b ≃ 2.7 with κ ≃ 3.7 in numerical calculations. It gives a
degenerate normal mass ordering of light neutrinos. Note that a case M2 ≃ m¯η ≪M1 ≃ M3
for ξ ≃ π/2 or ξ ≃ 3π/2 is not allowed because it could not satisfy the ratio R ≃ 3× 10−3.
Note here that in our scenario the inverted hierarchical light neutrino mass spectrum is
not allowed because the condition ∆m221 > 0 is not satisfied due to the mass ordering of
heavy Majorana neutrinos Eq. (18) corresponding to light neutrino mass ordering.
From Eqs. (9), (14) and (26), the PMNS matrix in Eq. (25) can be expressed as
UPMNS =


V ℓL11V11 − V ℓL12V21 + V ℓ∗L31V31
V ℓ
L11−V ℓL12+V ℓ∗L31√
3
V ℓL11V13 − V ℓL12V23 + V ℓ∗L31V33
V ℓL22V21 − V ℓL23V31 + V ℓ∗L12V11
V ℓL22−V ℓL23+V ℓ∗L12√
3
V ℓL22V23 − V ℓL23V33 + V ℓ∗L12V13
V ℓL31V33 + V
ℓ∗
L13V11 + V
ℓ∗
L23V21
V ℓ
L33+V
ℓ∗
L13+V
ℓ∗
L23√
3
V ℓL33V33 + V
ℓ∗
L13V13 + V
ℓ∗
L23V23

Pν ,(33)
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where V ℓLij is the (ij)-element of the mixing matrix V
ℓ
L, and Vij is the (ij)-element of U
†
ωUν
given by
V = U †ωUν =


ceiϕ1−seiϕ2√
3
1√
3
ceiϕ2+seiϕ1√
3
− cei(ϕ1+
π
3 )−sei(ϕ2−π3 )√
3
1√
3
−sei(ϕ1+
π
3 )+cei(ϕ2−
π
3 )√
3
− cei(ϕ1−
π
3 )−sei(ϕ2+π3 )√
3
1√
3
−sei(ϕ1−
π
3 )+cei(ϕ2+
π
3 )√
3

Pν , (34)
where s ≡ sin θ and c ≡ cos θ. By recasting Eq. (33) with the transformations e → e eiα1 ,
µ→ µ eiβ1, τ → τ eiβ2 and ν2 → ν2 ei(α1−α2), we can rewrite the PMNS matrix as
UPMNS =


|Ue1| |Ue2| Ue3e−iα1
Uµ1e
−iβ1 Uµ2ei(α1−α2−β1) |Uµ3|
Uτ1e
−iβ2 Uτ2ei(α1−α2−β2) |Uτ3|

P ′ν (35)
which corresponds to the standard parametrization as in PDG [20]. From the above equation,
the neutrino mixing parameters can be displayed as
sin2 θ12 =
|Ue2|2
1− |Ue3|2 , sin
2 θ23 =
|Uµ3|2
1− |Ue3|2 ,
sin2 θ13 = |Ue3|2 , δCP = α1 − α3 , (36)
where α1 = arg(Ue1), α2 = arg(Ue2), α3 = arg(Ue3), β1 = arg(Uµ3) and β2 = arg(Uτ3). From
the form of UPMNS given in Eq. (34), the solar, atmospheric and reactor neutrino mixing
angles θ12, θ23 and θ13 can be approximated, up to order λ
3, as
sin2 θ12 =
1− 2λ cosφℓ3 + λ3(cosφℓ3 − 2A cosφℓ2 + 2B cos φ˜ℓ13)
3− ε− Ξλ+ λ2Ψ+ Ωλ3 ,
sin2 θ23 =
1− sin 2θ cos(ϕ12 − π/3)− Ξλ+ λ2Υ+ λ3Θ
3− ε− Ξλ+ λ2Ψ+ λ3Ω ,
sin θ13 =
1√
3
√
ε+ Ξλ− λ2Ψ− λ3Ω , (37)
where φ˜ℓij ≡ φℓi + φℓj and the parameters Ψ and Ω are defined as
ε = 1 + sin 2θ cosϕ12 ,
Ψ =
√
3 sin 2θ cos(ϕ12 − π/6) ,
Ω = Θ+ A
[√
3 cos 2θ sinφℓ2 − cosφℓ2(1 + 2 sin 2θ cos(ϕ12 − π/3))
]
,
Ξ = cosφℓ3 +
√
3 sin φℓ3 cos 2θ + 2 sin 2θ cosφ
ℓ
3 cos
(
ϕ12 +
π
3
)
,
Υ = Ψ+B
[
cos φℓ1(1− 2 cosϕ12 sin 2θ) +
√
3 sinφℓ1 cos 2θ
]
, (38)
13
with
Θ =
Ξ
2
+B
[
cos φ˜ℓ13(1 + 2 sin 2θ cos(ϕ12 − π/3))−
√
3 cos 2θ sin φ˜ℓ13
]
. (39)
In Eq. (37), if we turn off the higher dimensional operators in the Lagrangian, that is, if
θ → ±π/4 and ϕ12 → π(0), and λ → 0, the TBM angles sin2 θ12 = 1/3, sin2 θ23 = 1/2 and
sin θ13 = 0 are restored, as expected. In the limit of θ→ π/4 and ϕ12 → π (normal hierarchy
of the neutrino masses), or θ → −π/4 and ϕ12 → 0 (inverted hierarchy of the neutrino
masses), the parameters behave as ε→ 0, Ξ→ 0, Ψ→ −3/2, Ω→ 0, Υ→ −3/2−3B cosφℓ1
and Θ→ 0. Then, the neutrino mixing angles can be simplified as
sin2 θ12 ≈ 1
3
− 2λ cosφ
ℓ
3
3
, sin2 θ23 ≈ 1
2
+
(
cosφℓ1 −
1
4
)
λ2, sin θ13 ≃
√
λ2
2
+
ε+ Ξλ
3
, (40)
where A,B = 1 are used. Note here that in the limit of ε→ 0 and Ξ→ 0 the mixing param-
eter sin θ13 goes to the value λ/
√
2. Leptonic CP violation at low energies can be detected
through the neutrino oscillations which are sensitive to the Dirac CP-phase, but insensitive
to the Majorana CP-phases in UPMNS [21]: the Jarlskog invariant JCP ≡ Im[Ue1Uµ2U∗e2U∗µ1],
where Uαj is an element of the PMNS matrix in Eq. (33), with α = e, µ, τ corresponding to
the lepton flavors and j = 1, 2, 3 corresponding to the light neutrino mass eigenstates. To
see how both CP phases ϕ12 (coming from the neutrino sector) and φ
ℓ
1,2,3 (coming from the
charged lepton sector) are correlated with low energy CP violation measurable through the
neutrino oscillations, let us consider the leptonic CP violation parameter JCP :
JCP =
cos 2θ
6
√
3
− λ
√
3
9
sin 2θ sin φℓ3 cos(ϕ12 − π/6)
− λ
2
3
√
3
(
cos 2θ − B sin 2θ sinφℓ1 sinϕ12
)
+
λ3
√
3
18
[
sin 2θ cos(ϕ12 − π/6) sinφℓ3 + 2A sin 2θ sinℓ2 cos(ϕ12 + π/6)
+ B
{
2 cos 2θ cosφℓ12 + sin 2θ
(√
3 cosϕ12 sinφ
ℓ
13
+ sinϕ12(cos φ
ℓ
3 sin φ
ℓ
1 + 3 sinφ
ℓ
3 cosφ
ℓ
1)
)}]
+O(λ4) . (41)
Note that sinφℓ3 appears in the terms of the first order in λ, and its value is crucial to satisfy
the neutrino data for the solar mixing angle. In particular, for θ → ±π/4 and ϕ12 → π (or 0),
we obtain JCP ≃ ±λ/6 for sinφℓ3 ≃ ±1.
In our numerical work, we use the five neutrino experimental data of ∆m2sol, ∆m
2
atm,
θ12, θ13 and θ23 at 3σ level given in Eq. (1) as inputs. On this work, we are going to
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FIG. 2: Left-plot displays the allowed regions of the solar mixing angle θ12 versus the CP phase
φℓ3, and right-plot displays the allowed regions of the atmospheric mixing angle θ23 versus the CP
phase φℓ1. The horizontal dotted lines in both plots correspond to the upper and lower bounds,
respectively, satisfying the 3σ experimental data in Eq. (1).
study the case M3 ≪ M2 < M1 giving rise to a normal hierarchical mass ordering of light
neutrinos, see Eq. (32). From Eqs. (22,24,28) we obtain
m2 = m0f(z2) ≃ 3v
2(−2 ln b− 1)
8π2
λΦη3 |yν |2
M
(42)
which should be order of O(0.01) eV, indicating λΦη3 |yν|2/M ≃ O(10−15) GeV−1. By using
the relation m0 = ∆m
2
η|yν|2/16π2M with Eqs. (22,42) and the SM Higgs VEV v = 174
GeV and, for example, by taking the scale M = 10 TeV and λΦη3 = 10
−8, the values of the
relevant parameters satisfying the five neutrino experimental data are taken as
0.98 < κ < 1.02 , 0.032 < |yν| < 0.045 , 0.0001 < y1,2 < 0.47 ,
0 ≤ φℓ1,2,3 ≤ 2π , 0 ≤ ρ1,2 ≤ 2π . (43)
Without loss of generality, we take A = B = 1 appearing in the charged lepton mixing
matrix V ℓL, because they do not affect the leptonic mixing mixing parameters significantly.
The left plot in Fig. 2 shows the allowed region of the solar mixing angle θ12 versus the CP
phase φℓ3. As can be seen the simplified equation of sin
2 θ12 in Eq. (40), the mixing parameter
θ12 is dominantly controlled by the phaseφ
ℓ
3 allowing 55
◦ ≤ φℓ3 ≤ 100◦ and 260◦ ≤ φℓ3 ≤ 300◦.
And the mixing parameter θ23 is dominantly controlled by φ
ℓ
1 as can be seen in Eq. (40),
and the right plot in Fig. 2 displays the allowed region of the atmospheric mixing angle θ23
15
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FIG. 3: Allowed values for the reactor angle θ13 in left-plot and JCP in right-plot as a function of
Ξ and θ13, respectively. The horizontal and vertical dotted lines in the both figures correspond to
the upper and lower bounds in 3σ of experimental data in Eq. (1).
versus the CP phase φℓ1. The left plot of Fig. 3 shows that the behavior of θ13 as a function
of Ξ, where there is a lower bound θ13 & 3.5
◦. Because ε ≥ 0, depending on the sign of
Ξ, the second term in the squared-root of sin θ13 in Eq. (40) can increase or decrease the
value of θ13 around the value λ/
√
2. Furthermore, because the value of Ξ is bounded by
as can be seen in Eq. (38), we expect that there is a lower bound on the possible value of
θ13. The parameter Ξ depends mainly on y1 and y2, defined in Eq. (8), which represent the
effects of the dimension-5 operators. Thus, in our scenario the lower bound on the mixing
angle θ13 is strongly dependent on the cutoff scale Λ, the A4 symmetry breaking scale vχ
and the relevant couplings |ys,aN |, through y1 and y2. Since neutrino oscillation experiments
are sensitive to the Dirac CP phase δCP , the Jarlskog invariant of the leptonic sector given
in Eq. (41) would be a signal of CP violation. The right plot in Fig. 3 shows that allowed
values for JCP as a function of θ13, showing |JCP | ≈ 0.01 − 0.04 due to the sizable θ13.
This can be tested in the future experiments such as the upcoming long baseline neutrino
oscillation ones. In the plots Fig. 2 and Fig. 3 the horizontal and vertical dotted lines in
the both figures correspond to the upper and lower bounds in 3σ of experimental data in
Eq. (1).
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IV. DARK MATTER AND LEPTON FLAVOR VIOLATION
In this section, we study a fermionic DM analysis, that is, right-handed neutrinos. Espe-
cially, we are interested in a hierarchical case of heavy Majorana neutrino, M3 ≪ M2 < M1
for ξ = 0, giving a hierarchical normal mass ordering of light neutrinos, as shown in section-
III.
The existence of the flavor neutrino mixing implies that the individual lepton charges,
Lα, α = e, µ, τ are not conserved [15] and processes like ℓα → ℓβγ should take place. Ex-
perimental discovery of lepton rare decay processes ℓα → ℓβγ is one of smoking gun signals
of physics beyond the SM; thus several experiments have been developed to detect LFV
processes. The present experimental upper bounds are given at 90% C.L. [22, 23] as
Br(µ→ eγ) ≤ 2.4× 10−12 , Br(τ → µγ) ≤ 4.4× 10−8 ,
Br(τ → eγ) ≤ 3.3× 10−8 . (44)
Assuming the lightest particle of Ni to be DM, we consider annihilation of Ni through
Yukawa interaction Eq. (15) in the early Universe. The DM mass Mlightest = M3 is con-
strained by the LFV processes, if the size of |yν | which is the overall scale of Yν is fixed
through the DM relic density. For the given Yukawa interaction of the fermion singlet with
SM particles, Y˜ν ℓ¯LηNi, its annihilation rate into the latter, as shown in Fig. 4, and its relic
density Ωd can be calculated and are related to each other by the thermal dynamics of the
Universe within the standard big-bang cosmology [24]. Then in the WMAP analysis we find
the thermally averaged cross section 〈σv〉 for the annihilation of two N3’s from Fig. 4 in the
limit of the vanishing final state lepton masses:
〈σv〉 ≃ |yν |
4r2(1− 2r + 2r2)
48πm2η±
, r = M23 /(m
2
η± +M
2
3 ), (45)
where we assume mη0 = mη± . The thermally averaged cross section Eq.(45) does not contain
s-wave contribution as a consequence of massless limit of the final state particles. Assuming
this to be the dominant contribution to the DM relic density of the Universe, we need that
the pair annihilation cross section must be of the order of
〈σeffvr〉 ≃ 8.35× 10−10 xf√
g∗
(
Ωdh
2
0.11
)−1
GeV−2 , (46)
which is the thermally averaged annihilation cross section of a pair of fermion particles into
SM particles and the relative speed of the fermion pair in their center-of-mass frame, where
17
FIG. 4: Annihilation diagrams of n for the cross section σv, where eL and ν run over three families.
the decoupling temperature Tf of particles, xf ≃ ln 0.038MPlm〈σeff |vr |〉√g∗xf , the current Particle
Data Group value for the DM density, Ωdh
2 = 0.1123 ± 0.0035 [16], in which Ωd is the
cosmological parameter associated with DM, h is the normalized Hubble constant, and
g∗ is the number of relativistic degrees of freedom at the DM chemical coupling. From
Eqs. (45,46), one can obtain for mη± ≡ xη GeV
|yν| ≃ 4.3× 10−2√xη
( 〈σv〉
3× 10−9GeV−2
) 1
4
(
mη±
xηGeV
) 1
2
, (47)
where r ≃ 1/2 is used. From Eq. (47) we see that the coupling depends on the scale of dark
matter. For the weak coupling to be ensured, one needs |yν | . 4π 3 which, in turn, indicates
the upper bound on the DM mass must be roughly
M3 . 83 TeV . (48)
Now let us consider LFV, especially τ → µγ for a lower bound of DM and µ → eγ for a
connection to the neutrino parameter θ13. Fig. 5 depicts that one-loop diagrams to the one
for neutrino masses contribute to the lepton flavor violating processes like ℓα → ℓβγ (α, β =
e, µ, τ), whose branching ratio is estimated as [26]
Br(ℓα → ℓβγ) = 3αe
64π(GFm
2
η±)
2
|Bαβ|2Br(ℓα → ℓβ ν¯βνα) (49)
where αe ≃ 1/137 and GF is the Fermi constant, and Bαβ is given by
Bαβ =
3∑
i=1
Y˜αiY˜
∗
βiF2(xi) , (50)
3 |yν | ≤ 1 case has been considered in Ref. [25].
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FIG. 5: One-loop diagrams to the one for neutrino masses contribute to the lepton flavor violating
processes like ℓα → ℓβγ (α, β = e, µ, τ).
in which F2(xi) is given by
F2(xi) =
1− 6xi + 3x2i + 2x3i − 6x2i lnxi
6(1− xi)4 (51)
with F2(1) = 1/12 and xi =M
2
i /m
2
η± . Note here that Bαβ does not depend on the phases ψ1,2
associated with heavy Majorana neutrino mass matrix. From Eq. (49) the LFV branching
ratios can be simplified as
Br(ℓα → ℓβγ) ≃ 8.0× 105rαβ |Bαβ|
2
m4η±
GeV4 , (52)
where rµe = 1.0, rτe = 0.1784 and rτµ = 0.1736, which indicates that the LFV branching
ratios depends on mη± and on the neutrino parameters in a flavor dependent manner.
In the following we consider the case, M3 ≃ mη± ≪ M2 < M1, as shown in section-III.
Taking the case M1 ≃ 2M, M2 ≃ M and M3 ≃ 0.01M into account, the function F2(xi) can
have the values 1/12 (x3 = 1), 3.3×10−5( x2 = 104) and 8.3×10−6( x1 = 4×104), for N1, N2
and N3, respectively, which indicates only the lightest heavy Majorana neutrino among the
heavy neutrinos can contribute the branching ratio of LFV. Then, the expressions of |Bαβ|2
relevant for τ → µγ, τ → eγ and µ→ eγ, respectively, are approximately given as
|Bτµ|2 = |yν|4F 22 (x3)Qτµ , |Bτe|2 ≃ |Bµe|2 = |yν|4F 22 (x3)Qµe , (53)
where the quantities Qτµ and Qµe are simply expressed up to order of λ
2 as
Qτµ ≃ 1
4
− y1 cos ρ1 + y2 cos ρ2
2
− λ
2
√
3
(
y2 sin(ρ2 − φℓ3)− y1 sin(ρ1 − φℓ3)
)− λ2
4
,
Qµe ≃ (y1 − y2)
2
12
+
y1y2
3
sin2
(
ρ1 − ρ2
2
)
+
λ
2
√
3
(
y2 sin(ρ2 − φℓ3)− y1 sin(ρ1 − φℓ3)
)
+
λ2
4
. (54)
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2
η × 1.26 × 10−10 sensitivity to θ13. Here the vertical dotted lines represent
the upper and lower bounds in 3σ of Eq. (1)
From the constraint of the branching ratio of τ → µγ in Eq. (44) we can obtain a lower
bound of DM mass by using Eqs. (47,52,54):
66 GeV . M3 . 83 TeV , (55)
where the upper bound is from Eq. (48). Using Eq. (44), the branching ratio Eq. (52) can
be expressed in terms of Qµe, Qτµ and xη as
Qµe ≤ x2η × 1.26× 10−10 , Qτµ ≤ x2η × 1.33× 10−5 , (56)
indicating Qµe is much more stringent than Qτµ in sensitivity. In Fig. 6, the allowed region
between θ13 and Qµe is described. It tells us that a rather large θ13 > 9
◦ is predicted for 12.6
TeV ≤ M3 ≤ 14.6 TeV. For M3 < 6.3 TeV, on the other hand, a rather smaller θ13 < 8◦ is
predicted. It might be able to detected by direct or indirect DM searches, though the mass
sale is rather high.
Finally we mention the detectability at the LHC. We find that an inert charged Higgs,
which decays into a muon and tauon (or a anti-muon and a anti-tauon) universally with a
large missing energy in the limit of leading order, where the missing energy is carried away
by our DM. It suggests that the clean signal will be obtained at the LHC.
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V. CONCLUSION
We have analyzed the lepton masses and the mixings based on A4 flavor symmetry.
Especially, we obtained a lower bound of θ13 & 3.5
◦ in hierarchical normal mass ordering.
And, we found that the large θ13 can be correlated with the Majorana type of DM, and its
mass be O(1-10) TeV, as a result of analyzing the WMAP and lepton flavor violation such
as the µ→ eγ experiment. Moreover, we could predict that a rather lager θ13; 9◦ < θ13 for
12.6 TeV ≤M3 ≤ 14.6 TeV, and a rather smaller θ13; θ13 < 8◦, for M3 < 6.3 TeV. It implies
that it might be able to detetected by direct or indirect DM searches as well as LHC at a
rather high energy scale.
Appendix A: Higgs Potential and vacuum alignment
Since it is nontrivial to ensure that the different vacuum alignments of 〈ϕ0〉 = (υ, υ, υ) and
〈χ〉 = (υχ, 0, 0) in Eq. (6) are preserved, we shall briefly discuss these vacuum alignments.
There is a generic way to prohibit the problematic interaction terms by physically separating
the fields χ and (Φ, η). Here we solve the vacuum alignment problem by extending the
model with a spacial extra dimension y [6]. We assume that each field lives on the 4D
brane either at y = 0 or at y = L, as shown in Fig. 7. The heavy neutrino masses arise
from local operators at y = 0, while the charged fermion masses and the neutrino Yukawa
interactions are realized by non-local effects involving both branes. A detailed explanation
of this possibility is beyond the scope of this paper.
NR
χ
ℓR
qR
η
Φ
LL
QL
0 y L
FIG. 7: Fifth dimension and locations of scalar and fermion fields.
Then, the most general renormalizable scalar potential of Φ, η and χ, invariant under
21
SU(2)L × U(1)Y × A4 × Z2, is given by
Vy=L = µ
2
Φ(Φ
†Φ)1 + λΦ1 (Φ
†Φ)1(Φ†Φ)1 + λΦ2 (Φ
†Φ)1′(Φ†Φ)1′′ + λΦ3 (Φ
†Φ)3s(Φ
†Φ)3s
+ λΦ4 (Φ
†Φ)3a(Φ
†Φ)3a + λ
Φ
5 (Φ
†Φ)3s(Φ
†Φ)3a + µ
2
η(η
†η) + λη(η†η)2
+ λΦη1 (Φ
†Φ)1(η
†η) + λΦη2 (Φ
†η)(η†Φ) + λΦη3 (Φ
†η)(Φ†η) + λΦη∗3 (η
†Φ)(η†Φ) , (A1)
Vy=0 = µ
2
χ(χχ)1 + ξ
χ(χχχ)1 + λ
χ
1 (χχ)1(χχ)1 + λ
χ
2 (χχ)1′(χχ)1′′ + λ
χ
3 (χχ)3(χχ)3
+
κ1
Λ
(χχ)1(χχ)3χ+
κ2
Λ
(χχ)1′(χχ)3χ+
κ3
Λ
(χχ)1′′(χχ)3χ +
κ4
Λ
(χχ)3(χχ)3χ,(A2)
where µΦ, µη, µχ and ξ
χ are of the mass dimension 1, while λΦ1,...,5, λ
η, λχ1,...,3, λ
Φη
1,...,3 and κ1,...,4
are all dimensionless. Notice also here that there are no five dimensional terms in Vy=L and
κ2 = κ3 = 0. Let us set ϕ
0
i ≡ v + ϕRi + i ϕIi (i = 1, 2, 3) and η0 ≡ η0R + i η0R. Then masses
of Φi, η, and χi are written as follows:
m2R ≡ m2(Re(η)) =
1
2
µ2η +
3
2
v2(λΦη1 + λ
Φη
2 + 2λ
Φη
3 ) , (A3)
m2I ≡ m2(Im(η)) =
1
2
µ2η +
3
2
v2(λΦη1 + λ
Φη
2 − 2λΦη3 ) , (A4)
m2η± =
1
2
µ2η +
3
2
v2λΦη1 , (A5)
m2Re(ϕ)i =


2(λΦ1 + λ
Φ
2 ) 2λ
Φ
1 − λΦ2 + 4λΦ3 2λΦ1 − λΦ2 + 4λΦ3
2λΦ1 − λΦ2 + 4λΦ3 2(λΦ1 + λΦ2 ) 2λΦ1 − λΦ2 + 4λΦ3
2λΦ1 − λΦ2 + 4λΦ3 2λΦ1 − λΦ2 + 4λΦ3 2(λΦ1 + λΦ2 )

v2, (A6)
m2Im(ϕ)i = 2


−2(λΦ3 + λΦ4 ) (λΦ3 + λΦ4 ) (λΦ3 + λΦ4 )
(λΦ3 + λ
Φ
4 ) −2(λΦ3 + λΦ4 ) (λΦ3 + λΦ4 )
(λΦ3 + λ
Φ
4 ) (λ
Φ
3 + λ
Φ
4 ) −2(λΦ3 + λΦ4 )

v2, (A7)
m2(ϕ±)i = 4


−2λΦ3 λΦ3 λΦ3
λΦ3 −2λΦ3 λΦ3
λΦ3 λ
Φ
3 −2λΦ3

v2, (A8)
m2[Re(ϕ)−Im(ϕ)]i = 4


0 −λΦ5 λΦ5
λΦ5 0 −λΦ5
−λΦ5 λΦ5 0

v2, (A9)
m2(χ)i = diag
(
2(λχ1 + λ
χ
2 ) , λ
χ
1 −
1
2
λχ2 + 2λ
χ
3 , λ
χ
1 −
1
2
λχ2 + 2λ
χ
3
)
, (A10)
where we assume λΦη3 is real to forbid the mixing term between Re(η) and Im(η), and also
22
χ is real. Here we use stable conditions; µ2Φ = −(6λΦ1 + 8λΦ3 )v2 and µ2χ = −2(λχ1 + λχ2 )v2χ.
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